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We point out the similarities in the definition of the ‘fidelity’ of a quantum system and the
generating function determining the full counting statistics of charge transport through a quantum
wire and suggest to use flux- or charge qubits for their measurement. As an application we use the
notion of fidelity within a first-quantized formalism in order to derive new results and insights on
the generating function of the full counting statistics.
PACS numbers: 73.23.-b, 05.45.Mt, 03.67.-a, 85.25.Cp
I. INTRODUCTION
Mesoscopic devices exhibit an extraordinary rich
and complex behavior; their proper characterization
has sparked numerous ideas. Two such basic meso-
scopic characteristics are the stability of a quantum
system1, nowadays compiled under the terms ‘fidelity’
or ‘Loschmidt echo’, and the full counting statistics of
charge transport, expressed through the generating func-
tion for the distribution of charge transmitted across a
quantum wire2. Here, we combine these items with re-
cent efforts aiming at the physical realization of quantum
bits, the controllable quantum two-level systems which
are the basic elements of a quantum computer3; by now,
a number of devices have been realized in the laboratory,
among them particular solid-state implementations such
as flux-4 or charge-5 qubits which are easy to couple to.
The purpose of this letter is three-fold: i) to draw atten-
tion to the equivalence between the fidelity of a quantum
system and the generating function for the full counting
statistics, two quantities which have been conceived to
be unrelated so far. This insight generalizes the concept
of fidelity to mixed states and many-particle systems. ii)
to suggest measuring the fidelity/full counting statistics
using quantum bits by exploiting the induced ‘decoher-
ence’ as a signal; this is opposite to the standard set-
ting where the main interest is in the qubit’s decoherence
due a noisy environment6 or a measuring device7. Our
proposal renders the theoretical concepts of fidelity/full
counting statistics amenable to real experimental tests,
e.g., using high-quality qubits available today4,5. In this
context, we recognize earlier suggestions to use two-level
systems/qubits as measuring devices8. iii) to use the
equivalence between the full counting statistics and the
fidelity to obtain further information on the statistics of
charge transport.
In this context, there are two points of view in describ-
ing a system (such as a regular or chaotic dot, a quantum
wire, etc.) coupled to a qubit: i) the qubit-centered view,
where the dot/wire acts as a noisy environment produc-
ing decoherence of the qubit state6 — this traditional
view is pursued in the field of quantum computing; ii)
the dot/wire-centered view, where the qubit serves as a
measurement device providing information on the system
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FIG. 1: (a) Layout: A (flux) qubit (not to scale, placed down-
stream the scatterer) is used to measure the fidelity or full
counting statistics of a quantum point contact (QPC); the
measurement current Im is switched on only during the read-
out of the qubit state. For a magnetic coupling λhσz, the
direction of the magnetic field defines the z-axis. (b) Level
scheme for the qubit, which is initially prepared in the ground
state |0〉 at the fully frustrated point O and suddenly switched
to M at t = 0 for the measurement, producing an initial state
|Ψ〉 = [|+〉+ |−〉]/√2. The semi-classical states |±〉 carry cir-
culating currents perturbing the wire in the measurement of
the fidelity; in the measurement of the full counting statis-
tics the state of the qubit is incrementally changed at each
passage of a charge through the wire.
(the dot or wire). This is the new standpoint we take in
the present paper where we are interested in two system
properties, the fidelity and the full counting statistics.
The notion of fidelity has been introduced in order to
quantify the stability of a quantum system (described by
the Hamiltonian Hsys) under the action of a small exter-
nal perturbation λh1: evaluating the evolution of an ini-
tial state Ψ under the action of the system’s Hamiltonian
Hsys, Ψ(t) = exp(−iHsyst/~)Ψ, comparison is made with
the perturbed evolution Ψλ(t) = exp[−i(Hsys+λh)t/~]Ψ
through the matrix element9
χfid(λ, t) = 〈Ψλ(t)|Ψ(t)〉 (1)
= 〈Ψ|ei(Hsys+λh)t/~e−iHsyst/~|Ψ〉;
a quantum system with a chaotic classical correspondent
exhibits a rapid time-decay of the fidelity χfid
1,10, while
a regular classical analogue leads to its saturation at a
finite value1. Above, the fidelity has been defined for
2a pure state formulated in a first-quantization language;
the definition (1) agrees with its quantum information
theoretic analogue for two pure state Ψ and Ψλ
3.
In general, the interference between two wave func-
tions as manifested in (1) is difficult to measure. Here,
we put forward the idea to couple the system under in-
vestigation to an external device (e.g., a two-level sys-
tem in the form of a spin or a qubit) which simulta-
neously acts as a perturbation and as a measuring de-
vice for the fidelity, see Fig. 1(a): the coupling λhσz en-
tangles the system with the measurement device, thus
transferring information of the system’s evolution which
then can be measured along with the quantum state of
the device. A similar idea has been introduced in the
context of the full counting statistics (FCS) which is
characterizing the charge transport through a quantum
wire. The task then is to count the number of trans-
ferred charges which corresponds to the measurement of
the integrated current Q(t) =
∫ t
0 dt
′ I(t′). The straight-
forward (classical) Ansatz11 for the generating function
χ(λ, t) = 〈exp[iλQ(t)]〉 is problematic as no prescription
for the time-ordering of current operators appearing at
different instances of time is given. The idea to couple the
system to a measurement device resolves these problems:
following the work of Levitov and Lesovik2, the complete
statistical information can be obtained by coupling the
wire to a spin degree of freedom serving as the measuring
device; the Fourier coefficients
∫
dλ exp(−i nλ)χFCS(λ, t)
of the generating function
χFCS(λ, t) = Trw[ρ
w(0) ei(Hw+λh)t/~e−i(Hw−λh)t/~] (2)
provide the probabilities Pn(t) for the passage of n
charges during the time t. Here, Hw (ρ
w(0)) denotes the
wire’s Hamiltonian (density matrix) and λh describes its
coupling to the spin; the trace is taken over the wire’s de-
grees of freedom, while the off-diagonal matrix element
has been evaluated in spin space, see below.
II. EQUIVALENCE BETWEEN FIDELITY AND
FCS
The full counting statistics refers to a many-body sys-
tem cast in a second-quantized formalism. Still, com-
paring (1) and (2), we immediately note the similarity
of the two expressions: indeed, replacing the arbitrary
perturbation in (1) by the coupling to a spin (or two-
level system) serving at the same time as a perturbation
and as a measurement device, we arrive at the form in
(2) with the trace over the wire’s degrees of freedom re-
placed by the quantum average over the initial state Ψ.
In previous discussions1,10 the fidelity of a quantum sys-
tem has been related to the chaotic/regular nature of
the system; probing such a system with a measurement
device as described above provides the identical informa-
tion. The notion of fidelity introduced here generalizes
this concept to quantum systems without classical ana-
logue as well as mixed state- and many-particle systems;
the quantum information theoretic definition for density
matrices3 is different, however.
The fidelity/generating function χ(λ, t) is obtained by
coupling a spin (in zero external magnetic field) to the
system via a Hamiltonian of the form Hint = λhσz (the
absence of terms ∝ σx,y is crucial). The evolution of the
spin then is described by the reduced density matrix
ρs(t) = Tr
[
e−i(Hsys+Hint)t/~ρ(0) ei(Hsys+Hint)t/~
]
(3)
with the initial separable density matrix ρ(0) = ρsys(0)⊗
ρs(0) and the trace is taken over the system degrees of
freedom without the spin; for the fidelity (1) we have to
replace ρsys(0) → ρΨ(0) = |Ψ〉〈Ψ|. Evaluating the spin
part first, we subsequently exploit the cyclic property of
the trace and obtain
ρsσ′z,σz (t) = ρ
s
σ′z ,σz
(0) (4)
×Tr[ρsys(0) ei(Hsys+λhσz)t/~e−i(Hsys+λhσ′z)t/~].
The measurement of the off-diagonal entry ρs−1,1(t) pro-
vides us with the sought-after quantity χ(λ, t).
Below, we will replace the spin degree of freedom by
the more versatile qubit. Thereby, we transfer the mea-
surement of the fidelity and of the full counting statis-
tics from the realm of a ‘Gedanken’ experiment to a
practical proposal realizable with today’s qubit technol-
ogy. In this context, we recognize previous steps taken
in this direction in measuring the fidelity of a quantum
kicked rotator12 and in the measurement of higher order
correlators13, see also Ref.14 for alternative theoretical
proposals.
III. MEASUREMENT WITH QUBITS
On a technical level, our problem is described by the
Hamiltonian (we formulate the problem for a wire; the
extension to other systems is straightforward)
H = Hw +Hq +Hint (5)
with Hw the wire’s Hamiltonian of which the fidelity
and/or full counting statistics shall be determined,
Hq = (ǫ/2)σz − (∆/2)σx (6)
is the qubit Hamiltonian written in the semi-classical ba-
sis |±〉 (see Fig. 1) and
Hint = λhσz (7)
is the interaction Hamiltonian coupling the qubit to the
wire. For a magnetic (transverse) coupling, we have the
standard form
Hint =
1
c
∫
w
dxIw(x)Ax(x)σz (8)
with Iw(x) the current flowing in the wire and Ax(x) =∫
q
dl · xˆ |Iq|/c|x− l| the gauge potential generated by the
3qubit current Iq; the coupling constant λ is defined such
as to add a phase λ/2 = 2π
∫
w
dxAx(x)/Φ0 to every elec-
tron passing the qubit (here, Φ0 = hc/e denotes the unit
of flux). For an electric (longitudinal) coupling15, we
have the corresponding expression
Hint =
∫
w
dxρw(x)ϕ(x)σz (9)
with ρw(x) the 1D charge density of the wire and ϕ(x) =∫
q
d2R |ρq|/ε|x − R| the electric potential generated by
the qubit charge density ρq(R) (ε is the dielectric con-
stant); again, we choose a splitting into λ and h such that
each electron passing the qubit acquires an additional
phase λ/2 = (e/~v)
∫
w
dxϕ(x) (e > 0; here, v denotes
the (typical) electron velocity and we assume a slowly
varying potential, see below for details).
Typical qubits we have in mind are the flux qubit as
implemented by Chiorescu et al.4 or the charge qubit
built by Vion et al.5. The generic level diagram for these
devices is shown in Fig. 1(b): The semi-classical states
|+〉 and |−〉 refer to current- (charge-) states which are
the energy eigenstates away from the optimally frustrated
state. Frustration produces mixing with new eigenstates
|0〉 = [|+〉 + |−〉]/√2 and |1〉 = [|+〉 − |−〉]/√2 at the
optimal point O where no currents/charges appear on
the qubit. In order to measure the fidelity/full count-
ing statistics, the qubit is prepared in the ground state
|0〉 at optimal frustration (point O in Fig. 1(b) with
∆ = EO and ǫ = 0; this corresponds to the spin-state
polarized along the x-axis) and then is suddenly switched
(at time t = 0) to the measuring point M which has to
be chosen sufficiently far away from O to avoid mixing
of the semi-classical states (i.e., ∆ = 0 and ǫ = EM,
hence the Hamiltonian (6) describes a spin in a mag-
netic field directed along the z-axis). On the other hand,
the point M should be chosen not too distant away from
O in order to avoid the mixing with other levels. At
the end of the signal accumulation (i.e., at time t) the
state of the qubit has to be measured in the follow-
ing manner: rotation of the qubit state by −π/2 (π/2)
around the y- (x-) axis and subsequent measurement
along the z-axis provides us with the matrix elements
〈σx〉 = Trq[ρq(t)σx] (〈σy〉 = Trq[ρq(t)σy ]) from which
the final result χ(λ, t) = exp(−iEMt/~)[〈σx〉+ i〈σy〉] fol-
lows (the phase exp(−iEMt/~) compensates the trivial
time evolution of the qubit in the finite residual field).
In order to extract the full counting statistics from
the generating function χFCS(λ, t), a tunable coupling be-
tween the wire and the qubit is needed. The tetrahedral
superconducting qubit proposed recently16 lends itself
as a particularly useful measurement device: its doubly
degenerate ground state emulates a spin in zero mag-
netic field, hence Hq = 0, while a symmetric charge bias
δQ produces an interaction Hamiltonian Hint ∝ δQδΦσz
which is linear in the magnetic flux δΦ (produced by the
wire’s current) threading the qubit and easily tunable
with λ ∝ δQ (note that imposing a flux δΦ the tetra-
hedral qubit also serves as a tunable charge detector).
Alternatively, flux-4 or charge-5 qubits can be used with
a flux tunable third junction or an electrically tunable
capacitance.
Finally, we have to make sure that the individual elec-
trons passing through the wire are sufficiently coupled to
the qubit. This is trivially the case for the electric cou-
pling, where a simple calculation leads to the estimate
λ ≈ (4e2/~vF ε) ln(L/d) with vF the Fermi velocity, L
the wire’s length, and d its distance from the qubit; with
c/vF ε of order 10
2 or larger a λ-value beyond unity is eas-
ily realized. The situation is less favorable for the case of
magnetic coupling: associating the qubit with a magnetic
dipole mq = IqS/c (S denotes the qubit’s area), we ob-
tain a coupling λ ≈ 2παIqS/ced, α = e2/~c the finestruc-
ture constant. With Iq of order 1 µA and S/d ∼ 1 µm,
we find a coupling λ ∼ 10−2. Similar findings apply
to the tetrahedral qubit: applying a homogeneous flux
δΦ, the qubit can be used as a tunable charge detector
with large coupling λ ≈ (4EJC/~vF )(δΦ/Φ0) ln(L/d), C
denoting the capacitive coupling between the wire and
the qubit. On the other hand, applying a symmetric
charge bias δQ we find a magnetic coupling of order
λ ≈ α(δQ/2e)IqS/2ced (we have chosen a typical param-
eter EJ/EC = 10
2). As may be expected, the system is
easily coupled to the qubit via electric interaction, while
its magnetic coupling is generically weak and has to be
suitably enhanced, e.g., with the help of a flux trans-
former.
The magnetic coupling of the flux qubit allows for the
measurement of both the full counting statistics and the
system’s fidelity. Going over to the interaction represen-
tation (with the unperturbed Hamiltonian given by the
system Hamiltonian), the generating function assumes
the form (cf. (4))
χFCS(λ, t)=Tr[ρ
sys(0) T˜ eiλ~
R
t
0
dt′h(t′) T eiλ~
R
t
0
dt′h(t′)],
(10)
where T (T˜ ) denote the (reverse) time ordering opera-
tors; as desired, the magnetic coupling then is propor-
tional to the integrated current (or transferred charge)
Q(t) =
∫ t
0 dt
′Iw(t
′); the form (10) reveals the role of
χFCS(λ, t) as the generating function for the cumulants
of transferred charge. Alternatively, the qubit can be
viewed as a system perturbation and χFCS assumes the
role of a fidelity χfid. The electric coupling to the charge
qubit generates a quantity χfid(λ, t) whose meaning is
predominantly that of a fidelity; on the other hand, for a
uniform and unidirectional charge motion with velocity
vF , the time-integrated charge
∫ t
0 dt
′ρw(t
′) can be related
to the transferred charge Q(t) via Q(t) = vF
∫ t
0 dt
′ρw(t
′)
and thus provides an approximate access to the full
counting statistics at finite voltage for which the elec-
trons move in a specific direction along the wire.
4IV. FCS WITH WAVE FUNCTIONS
Inspired by the equivalence between the fidelity and
the generating function for the counting statistics, we
proceed with the calculation of χ(λ, t) within a first-
quantized formalism. In particular, we choose a system in
the geometry of a point contact and study the fidelity for
the case where a wave packet is incident on the scatterer.
This scheme allows for a more elaborate discussion of the
various parametric dependencies of the fidelity/FCS but
suffers from the restriction to a single particle. In order
to ameliorate this limitation, we extend the discussion to
a sequence of two incident wave packets, from which the
extrapolation to the many body case can be performed.
Consider a wave packet (for t→ −∞ and traveling to
the right)
Ψin(x, t) ≡ Ψf (x, t) =
∫
dk
2π
f(k) ei(kx−ωkt), (11)
centered around k0 > 0 with ωk = ~k
2/2m and normal-
ization
∫
(dk/2π)|f(k)|2 = 1, incident on a scatterer char-
acterized by transmission and reflection amplitudes tk
and rk. We place the qubit behind the scatterer to have
it interact with the transmitted part of the wave function.
The transmitted wave packet then acquires an additional
phase due to the interaction with the qubit: for a mag-
netic interaction the extra phase accumulated up to the
position x amounts to δφA(x) = 2π
∫ x
dx′Ax(x
′)/Φ0, in-
dependent of k; as x→∞ this adds up to a total phase
λ/2 = 2π
∫∞
−∞ dxAx(x)/Φ0, cf. (8). For an electric inter-
action, cf. (9), the situation is slightly more involved: the
extra phase can be easily determined for a slowly vary-
ing (quasi-classical) potential of small magnitude, i.e.,
e|ϕ| ≪ ~2k20/2m. Expanding the quasi-classical phase∫ x
dx′ p(x′)/~ with p(x) =
√
2m(E + eϕ(x)) to first or-
der in the potential ϕ(x) yields the phase δφϕ(x) =
(e/~v)
∫ x
dx′ ϕ(x′) which asymptotically accumulates to
the value λ/2; its v-dependence is due to the particle’s ac-
celeration in the scalar potential and will be discussed in
more detail below. Moreover, note that φA changes sign
for a particle moving in the opposite direction (k → −k)
(i.e., under time reversal) whereas φϕ does not. For a
qubit placed behind the scatterer both magnetic and elec-
tric couplings produce equivalent phase shifts. Depend-
ing on the state |±〉 of the qubit, the outgoing wave (for
t→∞)
Ψ±out(x, t) =
∫
dk
2π
f(k)e−i ωkt
[
rke
−ikxΘ(−x)
+e±iλ/2tke
i kxΘ(x)
]
acquires a different asymptotic phase on its transmitted
part. The fidelity is given by the overlap of the two out-
going waves,
χ(λ, t) =
∫
dxΨ−out
∗
(x, t)Ψ+out(x, t) (12)
=
∫
dk
2π
(Rk + e
iλTk)|f(k)|2 ≡ 〈R〉f + eiλ〈T 〉f ,
where Rk = |rk|2 and Tk = |tk|2 denote the probabilities
for reflection and transmission, respectively, and we have
neglected exponentially small off-diagonal terms involv-
ing products
∫
dkf(−k)∗f(k). The result (12) applies
to both magnetic and electric couplings; its interpreta-
tion as the generating function of the charge counting
statistics provides us with the two non-zero Fourier coef-
ficients P0 = 〈R〉f and P1 = 〈T 〉f which are simply the
probabilities for reflection and transmission of the parti-
cle. This result agrees with the usual notion of ‘counting’
those particles which have passed the qubit behind the
scatterer. When, instead, the interest is in the system’s
sensitivity, we observe that the fidelity χ(λ, t) lies on the
unit circle only for the ‘trivial’ cases of zero or full trans-
mission T = 0, 1, i.e., in the absence of partitioning,
or for λ = 2πZ; the latter condition corresponds to no
counting or the periodic vanishing of decoherence in the
qubit. On the contrary, in the case of maximal parti-
tioning with 〈R〉f = 〈T 〉f = 1/2, a simple phase shift
by λ = π makes the fidelity vanish altogether. Hence,
partitioning has to be considered as a (purely quantum)
source of sensitivity towards small changes, as chaoticity
generates sensitivity in a quantum system with a classical
analogue.
The result (12) also applies for a qubit placed in front
of the scattering region provided the coupling is of mag-
netic nature (for the reflected wave, the additional phases
picked up in the interaction region cancel, while the phase
in the transmitted part remains uncompensated). How-
ever, an electric coupling behaves differently under time
reversal and the fidelity acquires the new form
χ(λ, t) = eiλ
(
eiλ〈R〉f + 〈T 〉f
)
. (13)
Next, we comment on the (velocity) dispersion in the
electric coupling λ: the different components in the wave
packet then acquire different phases. To make this point
more explicit consider a Gaussian wave packet centered
around k0 with a small spreading δk ≪ k0 and denote
with λ0 the phase associated with the k0 mode. The
spreading δk in k generates a corresponding spreading in
δλ ≈ λ0(δk/k0) which leads to a reduced fidelity
χ(λ, t) = 〈R〉f + 〈eiλT 〉f ≈ Rk0 + e
iλ0−
λ20(δk)
2
2k2
0 Tk0 , (14)
where we have assumed a smooth dependence of Tk over
δk in the last equation. The reduced fidelity for T = 1 is
due to the acceleration and deceleration produced by the
two states of the qubit17. The wave packets passing the
qubit then acquire a different time delay depending on
the qubit’s state. As a result, the wave packets become
separated in space with an exponentially small residual
overlap for the Gaussian shaped packets.
Next, we consider the case with two wave packets in-
cident on the scatterer, Ψin ∝ [Ψf1(x1)Ψf2(x2) ± (x1 ↔
x2)]χs/t(s1, s2), where f1,2 denote different wave packet
amplitudes, cf. (11), and χs/t are the singlet/triplet spin
functions. Placing the qubit behind the scatterer, we
5obtain the fidelity
χ2(λ, t) =
1
N±
[ ∏
m=1,2
∫
dkm
2π
|fm(km)|2(Rkm + eiλTkm)
±
∏
m=1,2
∫
dkm
2π
f∗m(km)fn6=m(km)(Rkm + e
iλTkm)
]
,(15)
with the normalization N± = 1 ± |S|2, S =
∫
(dk/2π)
f∗1 (k)f2(k), and we have made use of the fact that all
components of the wave packet propagate in specific di-
rections such that
∫
dkf∗n(k)fm(−k) = 0. The fidelity
(15) involves two terms, a direct term independent of the
spin/orbital symmetry and an exchange term that can be
neglected if the two wave packets are well separated ei-
ther in momentum space (with k0n sufficiently different)
or in real space (with k0δx≫ 1). In both of these cases
the overlap S vanishes and we arrive at the final result
χ2(λ, t) = [〈R〉f1 + eiλ〈T 〉f1 ][〈R〉f2 + eiλ〈T 〉f2 ], (16)
i.e., the fidelity of the two-particle system is just the
product of the single particle fidelities. The result can
be trivially generalized to the many particle case pro-
vided that exchange terms can be neglected, as is the
case for a sequence of (N) properly separated wave pack-
ets. The result χN (λ, t) = Π
N
n=1[〈R〉fn + eiλ〈T 〉fn ] then
has to be compared with the previous finding χV (λ, t) =
[R + eiλT ]e|V |t/h2,18 calculated at constant voltage V
within a many-body formalism. The validity of the lat-
ter result is restricted to non-dispersive scattering coef-
ficients T and R. Identifying e|V |t/h with the number
N of transmitted particles the two results agree. How-
ever, we note that the present derivation corresponds to
a voltage driven many-body setup where distinct voltage
pulses with unit flux c
∫
dt |V (t)| = Φ0, each transfer-
ring one particle, are applied to the system2. The de-
tailed comparison of these two cases, pulsed versus con-
stant voltage, and the absence of interference terms in
the latter case is an interesting problem for further in-
vestigation. The extension of the fidelity to the many-
body case puts additional emphasis on the relation be-
tween sensitivity and partitioning (see also Ref.19) as any
finite partitioning with T < 1 now generates a fidelity
which is vanishing exponentially in time; the quantity
− ln[1− 4RT sin2(λ/2)]/∆t with ∆t the time separation
between two wave packets/voltage pulses then plays the
role of the Lyapunov exponent in systems with a classical
chaotic correspondent.
In summary, we have unified the themes of fidelity
and full counting statistics and have shown how to ex-
ploit qubits for their measurement. As an application of
these ideas, we have recalculated the generating function
for the full counting statistics within a wave packet ap-
proach. This allows for a more in-depth analysis of the
counting problem and helps to shed light on the ongoing
discussion18 relating different expressions for high-order
correlators to variations in the experimental setup.
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